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We compute the Lyapunov exponent characterizing quantum scrambling in a family of generalized
Sachdev-Ye-Kitaev models, which can be tuned between different low temperature states from Fermi
liquids, through non-Fermi liquids to fast scramblers. The analytic calculation, controlled by a small
coupling constant and large N , allows us to clarify the relations between the quasi-particle relaxation
rate 1/τ and the Lyapunov exponent λL characterizing scrambling. In the Fermi liquid states we
find that the quasi-particle relaxation rate dictates the Lyapunov exponent. In non-Fermi liquids,
where 1/τ  T , we find that λL is always T -linear with a prefactor that is independent of the
coupling constant in the limit of weak coupling. Instead it is determined by a scaling exponent that
characterizes the relaxation rate. λL approaches the general upper bound 2piT at the transition to a
fast scrambling state. Finally in a marginal Fermi liquid state the exponent is linear in temperature
with a prefactor that vanishes as a non analytic function ∼ g ln(1/g) of the coupling constant g.
I. INTRODUCTION
Thermalization takes place in isolated many-body sys-
tems because of the scrambling of information, whereby
simple observables become complex and inaccessible over
time. This is the mechanism that produces effective
dissipation and allows relaxation dynamics to proceed.
But while scrambling enables relaxation, these are dis-
tinct phenomena characterized by markedly different ob-
jects. Relaxation dynamics is represented by standard
retarded correlation functions and characterized by re-
laxation times τ . The dependence of τ on temperature
or wave-vector can reveal the universal long time dynam-
ics of the system. Scrambling, on the other hand, is de-
scribed by the intermediate time growth of out-of-time
order correlators (OTOC) or squared commutator [1, 2]:
C(t) =
〈
[V (t),W (0)]†[V (t),W (0)]
〉
. (1)
In a semi-classical limit, this correlation function can be
interpreted as the sensitivity to initial conditions; thus
it is expected to grow exponentially with time in chaotic
systems, with a growth rate λL called the Lyapunov ex-
ponent. While the Lyapunov exponent may not be well
defined in generic quantum systems, a clear exponential
growth is obtained in systems with a large number of
particle flavors (large-N). It is natural then to ask if the
Lyapunov exponent is determined by universal physics
and explore its relation to relaxation time scales. These
issues are perhaps best understood in the context of “fast
scramblers”, which are systems that saturate the general
low-temperature bound on the Lyapunov exponent [2]:
λL ≤ 2piT , (2)
in the natural units ~ = 1, kb = 1, which we shall use
from now on. A prominent example of a fast scrambler
is the Sachdev-Ye-Kitaev (SYK) model [3–6]. In gen-
eral, fast scrambling occurs as a consequence of emer-
gent conformal/reparametrization symmetry of the low-
energy theory [5–7]. At the same time, the universal
aspects of scrambling in other systems are not well under-
stood. While λL has been calculated in many situations,
quasiparticle decay 1/τ λL
Fermi liquid ∼ gT 1+η, η > 0 ∼ gT 1+η
marginal FL ∼ gT ln(1/T ) ∼ g ln(1/g)T
non-Fermi liquid ∼ gT 1+η, η < 0 = CηT
Fast scrambler No quasiparticles 2piT
TABLE I. Temperature (T ) dependence of quasiparticle life-
time τ and Lyapunov exponent λL in different states of mat-
ter. In Fermi liquids, λL is much small than T , and is linear
in the interaction strength g. In non-Fermi liquids, λL is T -
linear, and the prefactor only depends on an exponent, and
not on the coupling strength. Marginal Fermi liquids are dis-
tinguished by subtle log corrections. Fast scramblers have no
quasiparticles and saturate the bound on scrambling.
see e.g. [8–13], few general principles have emerged. For
example, it is not clear how λL depends on low-energy
properties such as quasiparticle decay rate, or on univer-
sal exponents in quantum critical systems.
In this paper we shed light on these issues by calcu-
lating the Lyapunov exponent in a family of models that
are analytically tractable and can interpolate continu-
ously between slow and fast scrambling. Specifically we
consider the low-rank SYK model, where a large num-
ber of fermions and bosons interact with random Yukawa
couplings [14–18]:
H =
R∑
n=1
1
2
φ2n +
√
λnφn
N∑
i,j=1
iu
(n)
ij γ
iγj
 . (3)
Here γ1, . . . , γN are Majorana fermions and φ1, . . . , φR
are real bosons. The u
(n)
ij are Gaussian random variables
with zero mean and variance 1/N2 and λ1, . . . , λR are
O(1) constants that tend to a smooth distribution in the
thermodynamic limit
ρ(λ) ≡ 1
N
R∑
n=1
δ(λ− λn) . (4)
By tuning the distribution of the coupling strengths, it is
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2possible to realize a number of low-energy states, which
include, besides fast scramblers, a family of Fermi liquids,
non-Fermi liquids and a marginal Fermi liquid. The fast
scramblers were analyzed previously [18], and this paper
will focus on the other phases. As we will show, in these
cases, the leading temperature dependence of λL can be
calculated by perturbing an effectively non-interacting
low temperature limit, where the ratio between boson
and fermion numbers vanishes. This stands in contrast
with the fast scramblers, whose maximal Lyapunov ex-
ponent is a consequence of a non-perturbative conformal
solution [18]. But while the calculation relies on a per-
turbative solution for the Green’s functions, the behavior
of the OTOC can be non-analytic in the coupling con-
stant and reflect the universal low energy properties of
the state (see Table I). For Fermi liquids, we find that
λL has the same T -dependence as the quasiparticle de-
cay rate 1/τ  T and it is also proportional to the small
coupling constant. In the non-Fermi liquids we consid-
ered, quasiparticles are over damped, having a decay rate
1/τ  T . Then we find λL = α2piT is linear in T , and
the prefactor α is independent of the coupling constant
even as it approaches zero. For the marginal Fermi liquid,
we find that λL is T -linear, yet the prefactor vanishes in
a non-analytical fashion in the non-interacting limit [see
also (93) below]:
λL ∼ Tg ln(1/g) , (5)
where g is the coupling constant. The bulk of this paper
will consist of a detailed derivation of the above results
(Section III), preceded by a warm-up exercise where we
analyze the mass-deformed SYK model, which is a sim-
pler large-N model of a disordered Fermi liquid.
II. WARM-UP: MASS DEFORMED SYK
In this section, we revisit scrambling in the mass-
deformed SYK model, obtained by adding all-to-all,
quadratic interactions to the standard SYK model:
H =
N∑
i,j=1
iJ2,ijγ
iγj +
N∑
i,j,k,l=1
J4,ijklγ
iγjγkγl . (6)
Here γ1, . . . γN are Majorana fermions satisfying the anti-
commutation relations γiγj +γjγi = δij , and J2,ij , J4,ijkl
are independent random couplings, each with a centered
Gaussian distribution of variance:
〈J22,ij〉 = κ2/N , 〈J24,ijkl〉 = 6J2/N3 . (7)
The result of the calculation, Eq. (29) below, has been
reported by some of us in [19]. Our goal here is to il-
lustrate the methods in a simpler setting. In sections
II A and II B respectively, we review the basic approach
to obtain the single particle Green’s functions and the
Lyapunov exponent by analyzing the ladder kernel. In
Section II C, we compute λL using a perturbation theory
around a non-interacting limit. Finally, we discuss the
physical interpretation in Section II D.
A. Basics
In the large-N limit, the model (6) can be solved ex-
actly by dynamical mean field theory: the disorder aver-
aged fermion Green function G and self energy Σ satisfy
a closed set of Schwinger-Dyson (SD) equations, whose
real-time form is as follows:
Σ>(t) = J
2G>(t)
3 , Σ<(t) = J
2G<(t)
3 , (8)
GR(ω) =
1
ω − κ2GR(ω)− ΣR(ω) . (9)
Here, the various components of the Green function are
defined as
G>(t) ≡ 〈γ1(t)γ1(0)〉 , G<(t) ≡ 〈γ1(0)γ1(t)〉 , (10)
GR(t) ≡ −iθ(t) 〈γ1(t)γ1(0) + γ1(0)γ1(t)〉 , (11)
and 〈[. . . ]〉 denotes both thermal and disorder average.
Throughout this paper, we use a convention in which
• G>(t) = GE(it + 0), G<(t) = GE(it + β − 0) are
the analytical continuation of the time-ordered Eu-
clidean Green function;
• GR(ω → −iωn) = GE(ωn) for Matsubara frequen-
cies ωn < 0.
Therefore, real-time SD equations can be easily obtained
by continuing the Euclidean ones. At thermal equilib-
rium of inverse temperature β, the fermion Green func-
tions satisfy the fluctuation-dissipation relations:
G≶(ω)(1 + e
±βω) = −2ImGR(ω) . (12)
For computing the OTOC, we shall also make use of the
Wightman correlator, defined as
Glr(t) ≡ 〈γ1(iβ/2 + t)γ1(0)〉 . (13)
B. Ladder diagram and Bethe-Salpeter equation
We consider the Lyapunov exponent associated with
the OTOC of the fermion operator, defined in the fol-
lowing standard manner:
C(t) =
〈{γ2(t+ iβ/2), γ1(iβ/2)}†{γ2(t), γ1(0)}〉 . (14)
Compared to (1), the commutator is replaced by an
anti-commutator as the observables are fermionic. Also,
for regularization purposes, the operators are displaced
along the thermal circle; it has been argued that this has
no effect on the Lyapunov exponent in SYK-type mod-
els [20].
In a 1/N expansion, the leading contribution to the
OTOC is of order 1/N , and comes from an infinite series
of ladder diagrams. There is a simple scheme, proposed
by Kitaev [5, 6], to directly calculate λL from the ladder
diagrams. The first step is to identify an integral kernel
3FIG. 1. The ladder kernel for the mass-deformed SYK model:
it is a sum of two kernels, as each rung in the ladder diagrams
can be of two types. A solid line represents a fermion prop-
agator, and a dashed line a disorder contraction. Note that
there are no propagators associated with the short horizontal
lines.
that generates the ladder diagrams. The action of the
kernel adds a rung to the ladder as illustrated in Fig. 1
for the kernel of the mass-deformed SYK. In general, the
kernel maps a function F (t1, t2) of two time variables to
another one:
(KF )(t3, t4) =
∫
dt1dt2K(t1, . . . , t4)F (t1, t2) . (15)
The precise form K(t1, . . . , t4) should be read off from the
diagram; in particular, a propagator in the longitudinal
(transverse) direction should be iGR (Glr, respectively).
Then, we restrict to the following space of factorized func-
tions [21]:
F (t1, t2) = e
λL(t1+t2)/2f(t1 − t2) . (16)
Here, λL should be regarded as a free parameter to be
determined, and K a λL-dependent linear map that acts
on functions of one variable f(t) 7→ (Kf)(t). Finally, we
determine λL by requiring that the most positive eigen-
value of K be equal to 1 (in general, K is conjugate to a
Hermitian operator, so has a real spectrum). Intuitively,
this procedure searches for λL self-consistently, by requir-
ing that adding a rung to the ladder does not change it.
Therefore, the scheme is effectively summing all ladder
diagrams and is non-perturbative in nature. The inte-
gral equation that defines the eigenvalue problem for K
is reminiscent of the Bethe-Salpeter equation and often
referred to as such.
In the case of the mass-deformed SYK model, the lad-
der kernel can be read off from the diagrams Fig. 1:
K(t1,...,4) = −GR(t31)GR(t42)
[
κ2 + 3J2Glr(t34)
2
]
,
where tij ≡ ti − tj . Its action on a function of type (16)
can be represented as the product of two kernels:
K = K1K2 , where (17a)
(K1f)(t) =
[
κ2 + 3J2G2lr(t)
]
f(t) , (17b)
(K2f)(ω) =
∣∣∣∣GR(ω + iλL2
)∣∣∣∣2 f(ω) . (17c)
That is, K1, which involves Wightman correlators, is di-
agonal in the time basis, while K2, which involves re-
tarted ones, is diagonal in the frequency basis.
Therefore, calculating λL in the mass-deformed SYK
model requires the knowledge of |GR(ω)|2 and Glr, to
which we turn now.
C. Perturbative analysis
To calculate the Green functions at arbitrary temper-
ature, one needs to solve the SD equations numerically.
However, at low temperatures, the quadratic coupling
is more relevant than the quartic one, so we can pro-
ceed with a perturbative expansion in J/κ from the non-
interacting limit. We will carry out the expansion up to
first order O(J/κ) (and in the low energy limit), which
is sufficient for our purposes.
At zero-th order, Σ = 0, and we have the conformal
solution of SYKq=2, where the fermions have scaling di-
mension ∆ = 1/2:
Glr(t) =
T
κ
sech(pitT ) , (18)
GR(ω) = − i
κ
(zero-th order) . (19)
Plugging the above into the SD equation (8), we obtain
the self-energy at first order in J/κ,
− Im ΣR(ω) = 1
2
(Σ>(ω) + Σ<(ω))
=
4
κ3
∫
dω1dω2
(2pi)2
n(ω1)n(ω2)n(ω − ω1 − ω2) + [ω → −ω]
=
J2T 2
2κ3
+
J2ω2
2pi2κ3
. (20)
where we denoted n(ω) ≡ (1+e−βω)−1. We will not need
ReΣR(ω), because ImΣR(ω) alone determines |GR(ω)| at
low frequencies. This follows from the SD equation (9),
considered as a quadratic equation of GR(ω) (note that
we treat the SYKq=2 term non-perturbatively): its roots
lie on the unit circle when ω − Σ(ω) is real (and small
enough). Otherwise, GR(ω) is the root inside the unit
circle, whose norm is the following
κ2 |GR (ω + is)|2 = 1− 1
κ
Im(ω + is− ΣR(ω + is))
=1− s
κ
− J
2T 2
2κ4
− J
2
2pi2κ4
ω2 , (21)
to the leading order in s, J and T .
Plugging the perturbative results (18) and (21) into
the ladder kernel (17), we obtain its expression at first
order perturbation. It will be useful to write that as a
sum of various contributions:
K = Kconf +Kkin +Kdecay +Kint , (22)
where each term is diagonal either in t or in ω, as follows:
Kconff = f , (23)
Kkinf = −λL
2κ
f , (24)
(Kdecayf)(ω) =
(
J2T 2
2κ4
− J
2
2pi2κ4
ω2
)
f(ω) , (25)
(Kintf)(t) =
3J2
κ2
Glr(t)
2f(t) . (26)
4We will discuss their physical meanings below, and pro-
ceed now to calculate λL. Since ω = −i∂t, we can write
the entire kernel in the time domain:
K = 1− λL
2κ
− J
2T 2
2κ4
−
J2T 2
κ4
(
− 1
2pi2T 2
∂2t − 3sech(tpiT )2
)
. (27)
Therefore, up to a shift and a rescaling, the Bethe-
Salpeter equation is reduced to a time-independent
Schro¨dinger equation with a Po¨schlTeller potential. The
most positive eigenvalue of K corresponds to the ground
state energy. This is an exactly solved problem: one may
check that the eigenfunction and eigenvalue are respec-
tively
f(t) ∝ sech(tpiT )2 , k = 1− λL
2κ
+
3J2T 2
2κ4
. (28)
Setting k to 1, we obtain
λL =
3T 2J2
κ3
. (29)
This prediction is exact in the low-temperature (T/κ
1) and weak-interaction (J/κ  1) regime. Since the
interaction is irrelevant, we expect it to be valid even if
J/κ is not small, provided the temperature is low enough.
In [19], we verified (29) with non-perturbative numerical
calculations, and found a good agreement in a wide pa-
rameter range.
D. Discussion
The above analysis provides the mathematical under-
pinnings of the temperature dependence λL ∼ T 2 that
has been observed in large-N Fermi liquids [9, 10]. Let
us now discuss the different contributions to the kernel
K:
• Kconf = 1 is the non-interacting conformal contribu-
tion. Indeed, with GR(ω) = −i/κ and J = 0, the
kernel K is equal to identity, and does not determine
λL: for that, we must take into account the next-
order correction. This is in stark contrast with fast
scramblers such as the SYKq model (with q > 2),
where λL = 2piT results from the conformal-limit ker-
nel alone.
• Kkin = −λL/(2κ) is the “kinetic” contribution, since
it originates from the term ω = −i∂t in the SD equa-
tion (9). At the leading order, it is the only contribu-
tion where λL appears.
• The “decay” contribution Kdecay originates from the
quasiparticle decay rate −ImΣR(ω).
• Finally, the “interaction” contribution Kint involves
the Wightman correlator connecting the interaction
verices.
It is worth noting that quasiparticle decay alone would
have hindered scrambling, if not for the interaction,
which promotes it. In terms of the Schro¨dinger equa-
tion analogy, Kdecay is the positive definite kinetic term
plus a positive constant shift, and Kint is a negative po-
tential. The dominant eigenfunction of K corresponds to
the ground state, which is a normalizable bound state,
and λL is essentially its energy. However, due to the con-
stant shift in Kdecay, it is not a priori clear that λL > 0
(or equivalently, the bound state energy is negative). To
verify that, we were obliged to explicitly find its value.
On the other hand, its temperature dependence could
have been guessed by a power counting.
As we shall see in the following section, the above
structures are essentially retained in the Fermi-liquid
states realized by the low-rank SYK model, except that
the quasiparticle decay rate will scale as T 1+η, with
1 < 1 + η < 2, instead of T 2, which will entail that
λL ∼ T 1+η as well. In contrast, crucial differences will
occur in the non-Fermi-liquid states.
III. LOW-RANK SYK
We now turn to analyzing scrambling in the low-rank
SYK model, following the approach illustrated above: af-
ter setting the stage in Sections III A and III B, we per-
form a perturbative analysis of the Fermi liquid states
(class I in [18]) in Section III C and non-Fermi liquid
states (class II) in Section III D. Finally, we discuss the
marginal Fermi liquid state that can be found on the
border.
A. Schwinger-Dyson equations
Let us recall from the Introduction that the low-
rank SYK model can be defined as a quantum mechan-
ical system with a large number of Majorana fermions
γ1, . . . , γN and real bosons φ1, . . . , φR, interacting via
random Yukawa couplings [22]:
H =
R∑
n=1
1
2
φ2n +
√
λnφn
N∑
i,j=1
iu
(n)
ij γ
iγj
 . (30)
Here u
(n)
ij are independent real Gaussian random variable
with zero mean and 1/N2 variance, and λ1, . . . , λR are
O(1) coupling constants that tend to a smooth distribu-
tion
ρ(λ) ≡ 1
N
R∑
n=1
δ(λ− λn) (31)
in the thermodynamic limit. A key feature of this model
is that, by tuning the shape of ρ(λ) (which is an input
parameter), we may obtain a rich variety of low-energy
behaviors, of which a classification table can be found
5in [18]. Here, we shall focus on the distributions whose
right edge is at λmax > 0 and characterized by a power-
law singularity:
ρ(λ) = γ (1− λ)ηθ(1− λ) , λ↗ λmax ≡ 1 . (32)
Here, η is the exponent which crucially affects the low-
energy behavior: η ∈ (0, 1) leads to Fermi liquids, and
η ∈ (−1, 0) non-Fermi liquids. γ is a dimensionless co-
efficient that controls the number of boson modes (per
fermion) near λ = λmax. It will serve as the coupling
constant and a small parameter in the perturbative anal-
ysis. We also set λmax = 1 to alleviate notations (it will
be restored by dimensional analysis in the final results).
The above model is solveable in the large-N limit; the
SD equations have been derived and solved in Euclidean
time in [18]. To recall and transcribe them into real time,
we define the boson propagators as per the convention in
Section II A:
G>λn(t) = 〈φn(t)φn(0)〉 , G<λn(t) = 〈φn(0)φn(t)〉 (33)
GRλn(t) = iθ(t) 〈[φn(t), φn(0)]〉 , (34)
In the thermodynamic limit, the boson modes follow a
continuous distribution, so we can speak about Gλ as
a function of λ, and transform sums over boson modes
into integrals over ρ(λ)dλ. For instance, it will be conve-
nient to introduce the following weighted sum of boson
propagators:
F (t) =
∫
Gλ(t)ρ(λ)λdλ (35)
Note however that F does not contain the contribution of
an eventual condensate. Indeed, the boson mode(s) with
λ = λmax = 1 can condense, and generate an SYKq=2
interaction. We shall denote its coupling constant as κ,
adopting the notation from Section II (κ2 = 2Φ where
Φ is the condensate fraction defined in [18]). With the
above considerations in mind, the real-time SD equations
are as follows:
Π≶(t) = G≶(t)
2 , (36a)
GRλ (ω) =
1
1− λΠR(ω) , (36b)
GR(ω) =
1
ω − κ2GR(ω)− ΣR(ω) (36c)
Σ≶(t) = 2G≶(t)F≶(t) , (36d)
Above, we introduced Π such that λΠ is the self energy
of bosons with λn = λ. Finally, when κ > 0, we have
also the condensation condition:
ΠR(ω = 0) = 1 . (37)
B. Ladder kernels
We now turn to review the general form of the Bethe-
Salpeter equations that we shall analyze to find λL. The
FIG. 2. The two ladder kernels of the low-rank SYK model.
A wavy line denotes a boson propagator.
ladder kernels of the low-rank model is a sum of the
bosonic one Kb and the fermionic Kf , see Fig. 2 [8, 18].
For each kernel, we can express its action on functions of
type F (t1, t2) = e
λLt/2f(t1 − t2) in terms of the product
of a few factors, each of which is diagonal either in the
time basis or in the frequency basis. The bosonic kernel
is reminiscent of the ladder kernel of the mass-deformed
SYK:
Kb = K1K2 , where (38a)
(K1f)(t) = (κ
2 + 2Flr(t))f(t) (38b)
(K2f)(ω) =
∣∣∣∣GR(ω + iλL2
)∣∣∣∣2 f(ω) . (38c)
The fermionic kernel is slightly more involved:
Kf = 4K3K4K3K2 , where (39a)
(K3f)(t) = Glr(t)f(t) , (39b)
(K4f)(ω) = f(ω)
∫
λ2|GRλ (ω + iλL/2)|2ρ(λ)dλ︸ ︷︷ ︸
k4(ω+iλL/2)
. (39c)
Here, K4 involves a sum over boson’s retarded propaga-
tors, to which the condensate mode does not contribute.
Therefore, to analyze the kernel, we need to compute
|GR|2, Flr, Glr, and the integral defining K4. As we
showed in [18], this can be done by a perturbative anal-
ysis, with γ in Eq. (32) as a small parameter. While
the calculations are formally similar for Fermi, non-Fermi
and marginal Fermi liquids, the physical differences war-
rant treating them in turn.
C. Fermi liquids
We first analyze the Fermi liquid states (class I in [18]).
The perturbation scheme described above is controlled at
low temperatures, because a boson condensate is always
present (κ > 0), and the quadratic term generated is
more relevant than the interaction mediated by the nor-
mal boson modes. In general, the value of κ depends on
T, γ and η; for our analysis, it is unnecessary to know
its precise value, other than the fact it has a nonzero fi-
nite limit κ→ 4/(3pi) (κ→ 4λmax/(3pi) if we restore the
units) as γ → 0, T → 0 [18]. In fact, throughout our
analysis, we will treat κ as an independent variable.
61. Zero-th order
At zero-th order, γ = 0 (this means that the ratio
between boson and fermion number is vanishing in the
thermodynamic limit, not that there are no bosons), the
model reduces to SYKq=2, so that (18) and (19) hold
verbatim:
Glr(t) =
T
κ
sech(t˜/2) , t˜ ≡ 2pit
β
, (40)
GR(ω) = − i
κ
(order 0) . (41)
As before, it will be sufficient to know Glr up to order 0.
It will also be useful to have the time-domain expressions:
G+(t) ≡ G>(t) +G<(t) = 2δ(t)
κ
(order 0) ,
G−(t) ≡ G>(t)−G<(t) = 2i
κβ sinh pitβ
(order 0) ,
(42)
which one can obtain using the fluctuation-dissipation
relation (12). The boson propagators and the fermion
self energy both vanish at zero-th order.
2. Boson propagators
We now proceed to the first order. First, plugging (41)
into the SD equation (36a) for Πλ gives us:
ImΠR(ω) =
1
2
(Π>λ (ω)−Π<λ (ω))
=
1
2
∫
dω′
2pi
n(ω′)n(ω − ω′)− [ω → −ω]
=
ω
κ2pi
. (43)
On the other hand, the leading small frequency behavior
of Re(ΠR(ω)) is fixed by the condensation condition (37).
We have therefore
ΠR(ω) = 1 +
iω
κ2pi
(44)
at first order. Combining this with (35) and the SD equa-
tion for Gλ (36b), we may find
FR(ω) =
∫
λρ(λ)
1− λΠR(ω)dλ
= C − γ
sη
(
1−ΠR(ω))η
= C − γ
sη
(
− iω
piκ2
)η
,
where we denoted
sη ≡ sinpiη
pi
, (45)
and performed the integral over ρ assuming its edge shape
(32), using the following asymptotic formula∫
0
xηdx
z − x = C − s
−1
η (−z)η , z ↗ 0 . (46)
Above, C denotes a constant that depends on details of
the integrand away from the edge. However, it has no dy-
namic effect: Indeed, a constant shift in FR corresponds
to a delta peak δ(τ) in the Euclidean Green function
FE(τ). Because the fermion Green function GE(τ) is an-
tisymmetric, GE(τ)δ(τ) = 0, and C has no effect on the
fermion self energy ΣE(τ) ∝ FE(τ)GE(τ). Therefore we
may remove the constant for this purpose and write:
FR(ω) = − γ
sη
(
− iω
piκ2
)η
, (47)
Note that a similar calculation applies to k4(ω) in
Eq. (39c) for any ω ∈ C:
k4(ω) =
∫
λ2ρ(λ)dλ
(1− λΠR)(1− λΠ∗R)
(48)
=
∫ [
1
1− λΠR −
1
1− λΠ∗R
]
λρ(λ)dλ
ΠR −Π∗R
=
γ(2piT )η−1
sη
piκ2
2iReω˜
[(
iω˜∗
piκ2
)η
−
(−iω˜
piκ2
)η]
where in the last step, we introduced the rescaled fre-
quency
ω˜ ≡ ω
2piT
. (49)
Eq. (48) will be useful later as the most nontrivial build-
ing piece of the fermionic kernel.
We now come back to use (47) to compute the Wight-
man correlator Flr(t). For this, we analytically continue
the Euclidean time Green function FE(τ). Indeed, re-
calling that FE(−ωn) = FR(iωn) for all Matsubara fre-
qencies −ωn = −2pinT < 0, we have
FE(τ) = T
∞∑
n=1
FR(iωn)2 cos(ωnτ) (50)
=
2ηpiγT η+1
sinpiη κ2η
[
Li−η(e−
2ipiτ
β ) + Li−η(e
2ipiτ
β )
]
,
where Lis(z) =
∑∞
k=1 z
kk−s is the polylogarithm. Con-
tinuing to τ = it + β/2 then gives the Wightman corre-
lator:
Flr(t) =
γT η+1
sηκ2η
Vη(t˜) ,
Vη(t˜) ≡ 2η
[
−Li−η
(
−e−t˜
)
− Li−η
(
−et˜
)]
,
(51)
where we recall that the rescaled time is defined as
t˜ ≡ 2pit
β
. (52)
7For any η ∈ (0, 1), Flr(t) is positive and goes to zero as
t → ±∞. Note that the integrated boson propagator F
is not conformal (otherwise, Vη would be a a hyperbolic
secant to some power); this is in contrast with the fast
scramblers realized by low-rank SYK [15, 17, 18].
3. Fermion self-energy
We now come to the fermion self energy ΣR. The SD
equation for the retarded self energy obtained directly
from equation (36d) is:
ΣR(t) = iθ(t)(G+(t)F+(t) +G−(t)F−(t)) (53)
where F±(t) ≡ F>(t) ± F<(t), and G±(t) are given in
(42). Since G+(t) ∝ δ(t), it suffices to calculate F+(t =
0), which is equal to 2FE(τ = 0) by definition:
F+(0) = 2FE(0) = 4
∞∑
n=1
FR(iωn)
=
γT η+1
sηκ2η
2η+2ζ(−η) , (54)
where the sum is divergent and regularized by the Rie-
mann zeta function. Meanwhile, F−(t) is the Fourier
transform of 2ImFR(ω):
F−(t) =
∫
2ImFR(ω)e
−iωt dω
2pi
= −iγΓ(η + 1)
(piκ)η
sign(t)
|t|η+1 .
(55)
Plugging (42), (55), and (54) into (53), and performing
the Fourier transform, we obtain
− ImΣR(ω) = γT
η+1
κ2η+2sη
ση
( ω
2piT
)
, (56)
where the scaling function is
ση(x) = 2
η+2Re
[
ζ
(
−η, 1
2
+ ix
)]
− 2η+2ζ(−η) , (57)
ζ(s, a) being the generalized Riemann zeta function.
Consequently, the equivalent of (21) in the low rank SYK
model is
κ2|GR(ω + is)|2 = 1− s
κ
+
Im{ΣR(ω + is)}
κ
= 1− s
κ
− γT
η+1
sηκ2+2η
ση
(
ω + is
2piT
)
.
(58)
Note that, the intermediate objects F± suffer from UV
divergences, which we zeta-regularized. The end result is
finite, and we verified it numerically.
4. Computing the Lyapunov exponent
We are now in a position to analyze the ladder kernels
(38) and (39), whose perturbative form is obtained by
plugging in (40), (51), (58), (48), and expand up to first
order in γ. The resulting total kernel can be decomposed
similarly as done in (22) for the mass-deformed SYK:
Kb +Kf = Kconf +Kkin +
γT η+1
κ2η+2
K˜ . (59)
where Kconf = 1, Kkin = −λL/2κ, and
K˜ = K˜2 + K˜1 + 4K˜3K˜4K˜3 . (60)
Here, K˜i is the rescaled version of Ki (with all powers
of T, κ, and γ factored out) in Section III B, with the
conformal and kinetic contributions subtracted:
(K˜2f)(ω) = − 1
sη
ση(ω˜ + iλ˜L/2)f(ω) (61)
(K˜1f)(t) =
2
sη
V (t˜)f(t) (62)
(K˜3f)(t) = sech(t˜/2)f(t) (63)
(K˜4f)(ω) = k˜4(ω˜ + iλ˜L/2)f(ω) (64)
where
k˜4(ω˜) =
2η−1pi
sη
(iω˜∗)η − (−iω˜)η
2iReω˜
. (65)
Let us also recall sη ≡ sin(piη)/pi, and the rescaled vari-
ables are defined as
t˜ = 2piTt , ω˜ =
ω
2piT
, λ˜L =
λL
2piT
.
To further compare with the mass-deformed SYK case,
K˜2 is the decay contribution which suppresses scram-
bling, while both K˜1 from the bosonic kernel and
4K˜3K˜4K˜3 (the fermionic kernel) promote it.
Now, λL is determined by Kf + Kb having 1 as the
most positive eigenvalue. By (59), this amounts to
λL =
2T η+1γ
κ2η+1
k˜(λ˜L) , (66)
where k˜ is the most positive eigenvalue of K˜, which de-
pends a priori on λ˜L. However, to leading order in the
temperature dependence we can take k˜(0) on the right
hand side. This is because the above equation implies
λ˜L ∝ T η vanishes as T → 0. Thus, to leading order λL
is given by:
λL =
2T η+1γ
κ2η+1
k˜(0) . (67)
It remains to show that k˜(0) > 0: this is not a priori
clear since K˜ is the sum of a negative definite operator
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FIG. 3. (a) The prefactor in the perturbative formula (68)
for the Lyapunov exponent for the Fermi liquid states of low-
rank SYK, as a function of 1 > η > 0. (b) the rescaled
Lyapunov exponent λL/(2piT ) in the non-Fermi liquid states
as a function of 0 > η > −1. Note that η decreases along the
x-axis.
(K˜2, which originates from quasiparticle decay) and pos-
itive definite ones. While we are not able to find k˜(0)
analytically, it can be computed numerically to a high
precision for any given η ∈ (0, 1). As a result, we found
that the prefactor does not vanish for any η ∈ (0, 1). We
remark that to ensure k˜(0) > 0, it is important to include
the fermionic kernel contribution as well as the bosonic
one. Indeed, we found numerically that the contribution
of the bosonic kernel alone can be negative.
Gathering all prefactors and restoring the dimensions,
the Lyapunov exponent for the Fermi liquids realized in
low-rank SYK is
λL = α
pi
sinpiη
γ(λmaxT )
η+1
κ2η+1
(68)
where the numerically determined prefactor α is plotted
in Fig. 3 (a). We observe that α does not vary signifi-
cantly as a function of η. More important is the factor
sinpiη that diverges in the limits η → 1 and η → 0. This
is due to the fact that, for η = 0, 1, the integral over
ρ(λ) = (1− λ)η (46) will have additional log corrections.
In particular, when η = 0, this log correction leads to a
marginal Fermi liquid, which we deal with separately in
section III E below.
D. Non-Fermi liquids
We now turn to the non-Fermi liquid states (class II in
[18]). As we have demonstrated in [18], these states can
be still accessed by a perturbative analysis that bears
much formal resemblance to that of the Fermi liquid
states (quasiparticles still exist, but are over-damped).
Therefore, we will be able to repeat most of the compu-
tations of the previous section, by properly reinterpreting
them.
A distinguishing feature of the non-Fermi liquids [18]
is that, there is no genuine condensate at finite temper-
ature, so κ = 0. However, at low temperatures, the
zero-frequency component of the soft boson modes gen-
erates an SYKq=2 term which is again the most relevant.
Its coupling constant will be denoted κ̂, since it behaves
similarly to the parameter κ in the Fermi liquids; in par-
ticular, they have the same γ → 0 limit.
Therefore, at zero-th order in γ, the fermion Green
functions are still given by (40), (41), (42), and ImΠR(ω)
still satisfies (43), provided κ is replaced by κ̂. However,
(44) no longer holds; we have rather
ΠR(ω) = 1− + iω
κ̂2pi
(69)
with  > 0 so that
FR(ω) = −γ pi
sinpiη
(
− iω
piκ̂2
)η
(70)
has a regularized singularity at ω = 0 (recall that η < 0).
In fact, the zero-frequency component of F is responsible
for the SYKq=2 interaction ∝ κ̂2 (this was referred to as
the effective condensate in [18]):
2TFR(ω = 0) = 2TFE(ωn = 0) = κ̂
2 , (71)
which implies that
 = c(Tγ)−
1
η (72)
is much smaller than T at low temperatures (c is an unim-
portant constant depending on κ̂ and η).
We can now take the analytic continuation to obtain
the bosonic Whitman propagator
Flr(t) =
κ̂2
2
+ γT η+1s−1η Vη(t˜)︸ ︷︷ ︸
F̂lr(t)
. (73)
Note that it is of the same form as (51), except for
the contribution of the zero Matsubara frequency. The
latter parallels the condensate contribution to the kernel
in (38)(b).
Similarly, the calculation of the fermion self-energy is
the same as in the previous section except for the zero
Matsubara frequency, which is now included exlicitly.
Again, the latter mirrors the condensate contribution to
the fermion Green’s function with κ now replaced by κ̂.
Therefore, we have
ΣR(ω) = κ̂
2GR(ω) + Σ̂R(ω) , (74)
where Σ̂R(ω) has the same imaginary part as (56):
− ImΣ̂R(ω) = γT
η+1
sηκ̂
ση
( ω
2piT
)
, (75)
with ση is defined in (57).
9The effect of  on k4(ω + iλL/2) is a shift of the ar-
gument λL → λL + 2, or λ˜L → λ˜L + /(piT ), which is
negligible, except for λ˜L = O(T−1/η−1); we shall see that
λ˜L is much larger than that.
Putting everything together we obtain the ladder ker-
nel in the same form as in the Fermi liquids, only with κ
replaced by κ̂:
Kb +Kf = Kconf +Kkin +
γT η+1
κ̂2η+1
K˜ . (76)
Here again Kconf = 1, Kkin = −λL/(2κ̂). The crucial
difference from the Fermi liquids, however, is that be-
cause η < 0 the last term in (76) is now dominant over
Kkin due to the general bound λL ≤ 2piT . Therefore,
to leading order in T , we can drop Kkin, so λL is de-
termined by requiring the most positive eigenvalue of K˜
to be zero. Since K˜ only depends on η and the rescaled
exponent λ˜L = λL/(2piT ), the Lyapunov exponent must
be T -linear,
λL = a(η)T , (77)
with a prefactor that only depends on η. We computed
the prefactor numerically by calculating the dominant
eigenvalue of K˜(λ˜L) and applying a bisection search. The
result is plotted in Fig. 3 (b). We observe that λ˜L is
a continuously decreasing function of η. As η → −1,
λ˜L → 1 comes arbitrary close to the universal bound,
which is expected as the model approaches some fast-
scrambling states (class III) of low-rank SYK [18]. As
η → 0, λ˜L stays positive while approaching zero. This is
again related to the fact that the case η = 0 is a marginal
Fermi liquid, which we turn to now.
E. Marginal Fermi liquid
We now consider the marginal Fermi liquid state in
low-rank SYK, which is realized with η = 0. This means
that the distribution ρ(λ) = γθ(1 − λ) is a step func-
tion near the edge. We cannot naively take a limit
η → 0 from either side, because the integral over ρ(λ)
[see (46)] acquires an additional log correction at η = 0.
A scaling analysis in Euclidean time and at zero temper-
ature yields FE(ω) ∼ − ln |ω|, FE(τ) ∼ 1/|τ |, ΣE(τ) ∼
GE(τ)FE(τ) ∼ 1/|τ |2sign(τ) and thus
ΣE(ω) ∼ −iω ln |ω| . (78)
The log correction means that we have a marginal Fermi
liquid. At finite temperature, the system resembles the
non-Fermi liquids in that there is no condensate but
rather an effective condensate [18].
In spite of the apparent similarity to the non Fermi
liquid case, computation of the ladder kernel turns out to
be somewhat more involved for the marginal Fermi liquid.
Naively, one might guess that the non-trivial part of K
would have the same T dependence as the quasiparticle
decay rate, in which case:
Kb +Kf = Kconf +Kkin +O (γT lnT ) .
If this were the case, then the last term would be domi-
nant over Kkin and the analysis would proceed as in the
non-Fermi liquid. However, a more careful analysis shows
that this is not quite true. Rather, for any λ˜L > 0, the
nontrivial part of the kernel is just T -linear, without log
correction, but has a singular dependence on λ˜L when
it goes to 0. Taking this into account leads to the final
result (93), which shows λL ∝ T =, but with a prefactor
that depends on the coupling constant γ in a non-analytic
way. This is different from either the Fermi liquid or the
non-Fermi liquid results.
We now present the derivation of the Lyapunov expo-
nent in detail. To start, let us reconsider the integral
(46)
Iη(z) ≡
∫
0
xηdx
z − x
z∼0
= s−1η (−z)η , η 6= 0 , (79)
that enters the calculation of the Bosonic propagator
FR(ω). We recall that sη ≡ sinpiη/pi and note that for
η = 0 the integral can be expressed as a limit of a deriva-
tive
I0(z) = − ln(−z) = ∂η [sηIη(z)]|η→0 . (80)
We will use this property to compute the nontrivial part
of the ladder kernel
Kη ≡ Kb +Kf −Kconf −Kkin , (81)
which for η < 0 is equal to
Kη =
γT η+1
κ̂2η+2
K˜ =
γT η+1
κ̂2η+2
(
K˜1 + K˜2 + 4K˜3K˜4K˜3
)
.
Crucially, because Kη is a linear functional of Iη(z) it
satisfies the same relation (80):
K0 = ∂η
[
sηγT
η+1
κ2η+2
K˜
]
η→0
. (82)
The apparent leading T -dependence of K0 comes from
applying the partial derivative to the factor T η+1 above;
it is given by
K0 =
γT lnT
κ̂2
lim
η↗0
[sηK˜] +O(γT ) , (83)
which was our naive expectation. However, it turns out
that the factor limη↗0[sηK˜] vanishes for any λ˜L > 0.
Let us show how this happens by inspecting the building
blocks of K˜ in the above limit. First For the fermionic
kernel, (65) implies that
sηk˜4(ω˜ + iλ˜L)→
0 λ˜L > 0pi
2
δ(ω˜) λ˜L = 0 .
(84)
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Second, considering the bosonic Wightman correlator, we
observe that Vη→0 = 1 from the defition (51). Hence in
this limit we have
sηK˜1 → 2 , (85)
proportional to an identity operator. Third, we consider
the contribution K˜2 stemming from the decay rate ImΣR.
Inspecting the two contributions to the self energy in (53)
we observe that sηF− → 0 in the limit η → 0. This is
because F− is an integral over Im[sηFR(ω)] → 0, which
vanishes as η → 0 according to (47). Thus the only
contribution to the decay rate comes from F+G+. Thus
we have
sηImΣR(ω)→ 4γT
κ̂2
(−ζ(0)) = 2γT
κ̂2
(86)
and therefore
sηK˜2 → −2 . (87)
This cancels (85) exactly.
The upshot of this analysis is that the leading (T lnT )
temperature dependence of the ladder kernel has a van-
ishing prefactor for λL > 0. We remark that this is con-
sistent with the numerical observation in Fig. 3 (b) that
λL/(2piT )→ 0 as η → 0 from the non-Fermi liquid side.
Of course, this does not mean that λL vanishes in the
marginal case, but rather that to determine K0 it is nec-
essary to include the next to leading order in T , namely
the term linear in T :
K0 =
γT
κ̂2
K˜η→0 , K˜η→0 ≡ ∂η
[
sηK˜
]
η→0
, λ˜L > 0 . (88)
We find that both K0 and the kinetic contribution
Kkin = −piT λ˜L/κ̂ are linear in T . So, unlike in the non-
Fermi liquid case, the latter cannot be ignored. λL is
determined by requiring that Kkin + K0 have vanishing
dominant eigenvalue, or, equivalently:
λL =
2Tγ
κ̂
k˜η→0(λ˜L) , (89)
where k˜η→0 denotes the dominant eigenvalue of K˜η→0.
Eq. (89) is reminiscent of (66) in the Fermi liquid case.
In particular, it implies that λL is linear in T . To obtain
the prefactor to leading order in the coupling constant,
one would be tempted to take λ˜L → 0 on the RHS of
(89), as done in the Fermi liquid case (67). However, this
approach fails because k˜η→0(0) is divergent, with the cul-
prit being the fermionic kernel, which has the following
behavior
∂η
[
sηk˜4(ω˜ + iλ˜L/2)
]
η→0
=
pi
2
Im ln(iω˜ + λ˜L/2)
ω˜
∼ pi
2
2
δ(ω˜) ln
1
λ˜L
(90)
for small but nonzero λ˜L. We note that the two other
contributions to K0, namely ∂η
[
sηK˜1
]
and ∂η
[
sηK˜2
]
have a finite η → 0 limit. Therefore we have to leading
order
K˜η→0 = lim
η→0
(
4K˜3K˜4K˜3
)
∼ pi ln(1/λ˜L) P˜ (91)
where (P˜ f)(t˜) ≡ sech t˜
2
∫
sech
s˜
2
f(s˜)ds˜ .
P˜ can be readily diagonalized: its dominant eigenstate is
∝ sech(t˜/2), with eigenvalue 4. Therefore,
k˜η→0 ∼ 4pi ln(1/λ˜L) , (92)
for small λ˜L. Combining this with (89), we finally obtain
the leading behavior of the Lyapunov exponent at small
coupling constant
λL ∼ (g ln(1/g)) 2piT . (93)
Here g ≡ 4λmaxγ/κ̂ (in restored units) is the dimension-
less coupling constant. The dependence on the coupling
constant in the marginal Fermi liquid is distinct from
both the Fermi liquid, for which it is linear in g and the
non-Fermi liquid, for which we obtained λL independent
of g in the low temperature limit.
IV. DISCUSSION
We have calculated the low-temperature behavior
of the Lyapunov exponent λL in a few large-N sys-
tems, which are not fast scramblers, and whose low-
temperature state is captured by perturbing a non-
interacting limit. We stress again that the perturbation
theory is applied to find the propagators, whereas the
calculation of λL involves a non-perturbative resumma-
tion of an infinity of ladder diagrams. Our analysis shows
that the key factor that determines the behavior of λL is
how the thermal quasiparticle decay rate 1/τ compares
to temperature T as both approach zero. When 1/τ is
much smaller, one has a Fermi liquid. The temperature
dependence of λL is dictated by 1/τ . It is also pertur-
bative, vanishing with the interacting strength. If 1/τ
is much larger, one has a non-Fermi liquid, and λL is
T -linear, with a prefactor that remains constant even as
the coupling constant approaches 0. We expect the above
results to apply generally despite being derived in a par-
ticular model, because our analysis depends only on the
scaling with temperature, and not the details of the lad-
der diagrams. In the case of the marginal Fermi liquid
in low rank SYK, we found a non-analytical dependence
on the coupling constant of the T -linear prefactor (93).
While this is a natural result that nicely interpolates the
Fermi and non-Fermi liquid ones, its derivation did rely
on specifics of our model. It will be interesting to see
whether Ansa¨tze like λL ∼ T/| lnT |, which is a priori
reasonable, can appear in other marginal Fermi liquids.
We close with two interesting observations. In the non-
Fermi liquid states, the Lyapunov exponent can be arbi-
trary close the fast-scrambler value λL = 2piT , even if it
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is obtained in a perturbation theory. Now, it is known
that fast scramblers like SYK have other outstanding
properties, such as coherent scrambling [7] and enhanced
teleportation capacity even at low temperatures [23–26].
An interesting question is to what extent “second-class”
scramblers with λL = cT < 2piT can facilitate teleporta-
tion at low temperatures.
For the slow-scrambling Fermi liquids, we have been
unable to show λL > 0 without explicitly computing it.
Thus the question remains if there are examples of inter-
acting large-N model for which λ is identically zero at
non vanishing temperatures. (The low-rank SYK model
with γ = 0 is for this purpose non-interacting [15, 18]). It
will be interesting to find either a general argument, or a
counter example of non-scrambling system with λL = 0.
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